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Appendix I: One-Port Accuracy Enhancement

MEASURED DATA (rM)

~~
(Sj I X X I

IMPER~ECT

SWEEP REFLECTOMETER
OSCILLATOR

IUNKNOWN
ONE-PORT

(

MEASURED DATA (rM)

~~
(Sj-+I-...::..X....::pc-E-R-FE-.:;:...-T-=------+-I-=-b:-I:D~~:R~
SWEEP REFLECTOMETER 4 ERROR

OSCILLATOR TERMS

Figure 1

IUNKNOWN
rA ONE-PORT

(

One-Port Measurement System Block-Diagram

The equations for the error adapter from Fig. 1 are

The equation for the unknown one-port is
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Substitutions (3) into (1) and (2) yields

(4) bo = eaoao + e01 fAb1

(5) b1 = e10aO + e11 f Ab1

Solving for b1 from (5)

(6) b
1

= e10 ao1-ell f A

Substituting (6) into (4)

(7) bo = (eoo + e1Oe01 fA ) ao
l-ellfA

bDefi ne r 6 0
m= a:a
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Appendix II: Circle Fitting Procedure

A modified least square error criterion is

N 2 2 2 2
(1) I [(x.-A) + (y .•B) -R ] = min

. 1 1 11=

~Jhere (x.,y.) represent the x-y coordinates of the i th measured data
1 1

point, Nthe number of data points, (A,B) the coordinates of the

center, and R the radius of the circle. See Fig. 1.

y

R

• (A, B)

L---------x

Fi gure 1.

Circle Fitting Procedure

Expanding (l)

( 2)
N

f = I (x. 2 - 2Ax. + A2 + y.2
. 1 1 1 11=

22 2
2By. + B - R} = mi n

1

Now set the derivatives equal to zero

(3) .u- = .!f = .!f = 0a/-l aB aR

3
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N
And 1ett; ng r A r

; =1 =

(4) af _ (- 2 2Ax. + A2 + y.2 _ 28y. + 82 _ R2) = 0- - -4Rr x. -aR , , , ,
(5 ) at 2 2Ax. + A2 + y.2 _ 28y. + 82 - R2)(x.-A) = 0- = -4r(x. -aA , , , , ,
(6) af 2 2Ax. + A2 + y.2 _ 28y; + 82 - R2)(y; -B) = 0as = -4l:(x; - , ,

Note that (5) ;s of the form LZ.X. - Lz.A = 0, where z,.t:. (x. 2 - 2Ax. +, " ="
A2

+ y.2 _ 28y. + 82 - R2). The sum rz.x. 1 rz.A, therefore" , , ,
rz.x. = 0, and Lz.A = O. So (4), (5) and (6) can be written, , ,

(7) 1:2. = a,
(8) 1:z.x. = a, ,
(9 ) 1:z.y. = 0, ,

Expanding g; ves

( 10)

(11 )

(12 )

(21:x.)A + (21:y.)8 + (N)C = l:(x. 2 + y.2)
" "

(21:X;2)A + (21:x;y;)B + (zx;)C = r(x;3 + X;y;2)
223(2rx.y.)A + (21:y. )B + U:y·)C = r(x. y. + y. )" , , ",

Where

(13) C ~ (R2 _ A2 _ 82)

The above system of equations can be solved for A, Band C at this

point, but to help ;n the computations let us shift the data to

( 14) x.l=x _~S, . i N
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(24)

Note that rxi ' = rXi - rr~i = rXi - N~ = 0, and that ry
i

' = a also

applies. However r(y;,)2, r(xi,)2, rXi'Yi', etc f O. With our new

shifted data (10) through (12) can be written.

(16) NC' = r[(x. 1 )2 + (y.,)2 J1 1

(17) [2r (x .' )2JA' + [2rx .' Y.' JB I = r[ (x .' )3 + x .' (y .. )2J
1 1 1 1 1 1

(18) [2rx.'y.'JA ' + [2r(y.,)2 JB , =rUx. , )2y .+ (y .')3J
1 1 1 1 1 1

We can solve (17) and (18) for A' and B' then shift the answer to

A and B by the following

(19 ) IA • A'
Lx .+t;t

(20) lB' B' +£li.
N

From (16) we can solve for L' directly

( 21 ) CI = kr [ (xi' )2 + (y i ' )2J

And (I also equals

(22) CI = [R2 _ (A,)2 - (B' )2 J

Solving for R

(23) I R = [e' + (A,)2 + (8,)2]1/2

Solving (17) and (18) for A' and B'

A' = r(Yi' )21;[( xi' )3+ Xi ;(Yi' )2~-1;X; 'Y;' r[( \ t )2y i+(Y~
2[r(x.') r(y.') -rx.'Y.'rx.'Y.'J

5
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Agpendix III: Reflection Coefficient of a Shunt Capacitor

SHIELDED OPEN

Figure 1

Shunt Capacitance of Shielded Open

The normalized reactance of the shunt capacitor (shielded open) of

Fig. 1 is

z
) c_ 1 t:::. 1 _

(1 10- j21TfCZo = jb ,b - 21TfCZa

The reflection coefficient of a shunt capacitor is

( 2)

( 3)

Changing

(4)

1
1)-1 l-·br -~ - J..:lQ.

c - __1~+'1 - l+jb
jb

the numberator and denominator of
~ -1

IJ 1+b 2 e- j tan b
rc = r---? -1

V1+b2 e j tan b

(3) to polar form gives

-1
(5) = 111 e- j2 tan brc

6
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If we define

(6) B =

r = e- jB
c

-12 tCln b

then

Substituting in the value of b from (1)

7
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Appendix IV; Calibration Using Two Sliding Terminations and a Short

The measured reflection coefficient (r ) in terms of the actual
·m

reflection coefficient (fA) is

( 1)

If IrAI is fixed and the angle of fA is variable then we transform

a circle centered at the origin in the rA plane to that shown in

Fig. 1 in the f m plane

"---------- Re

Figure

Locus of Sliding Termination

The equation of the circle in the f plane is
m

8
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Substituting (1) into (2) and expanding yields

Since IfA' is a constant and the right hand side of (3) is a constant,

that forces the coefficients of fA and fA* to equal zero. Therefore

For two di fferent s1i di ng termi nat i ons ~'e get

and

2 2
(6) ab* - af03* - f03cb* + If03 1 c - R3c = 0

subtracting (6) from (5)

(7) a = c

or

(8) a = c ( Kl b* + K2)

where

(9 ) Kl @
f02 - f03

f03* - f02*

9
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and

( 10)

substituting (8) into (5) eliminates a and c

Solve the above 2nd order equation fo~ Q

Since b = eOO (the equivalent directivity) which is small, the root

choice is easily determin~d.

Substitute the solution for b into (8)

Now measure a short placed on the test port to obtain

Solving for c from (8) and

(12)

( 13)

arA1 + b = -a + b h r 1
r 1 = -r--+-----1 _c + 1 ' w en A1= -
m cAl

\
(12) eliminates a

and finally (8) can be used to solve for a.

1 0
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Appendix V: Two-port Error Model Using Four Measurement Ports

The error model is shown in Fig. 1.

r---------,
I FORWARD
I I

lo I
I

LREVERS~ J
IMPERFECT SW ITCH

~ ao T 1bo <r-x X~~ ~
PERFECT be> ERROR t:;";:a=-,--;:::::l..-.

REFLECTOMETER~ ADAPTER L:~~~~:::r~

0- b ~L.....------,a;
~ d3 11 b3 ~

Figure 1

Two-Port Measurement System Block-Diagram

The equations for the above system in matrix terminology

(1)

b aO
I

0 eOn e03 :eOl e02
°3 ~}i~~J

I

(2) [E]
a3 [ EJ ~

e30 e33 :e3l e32= • = ---------------I

bl al E3:E4 elO e13 :e ll e12
I e22b2 a2

e20 e231e2l
I

1 1
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( 3)

We will first solve for [SmJ in terms of [EJ and [SA]. If we write

(2) using the partitioned matrix notation

(4) [::] = [EJ [::] + [E2] [::]

(5) [::]. [E3J [::] + [EJ ~:]

Substituting (3) into (4) and (5) yields

(6) [::J = [E~ [::J + @2J ~~ [::]

(7) [::] = [E~ r:] + @J @AJ [::]

Solving (7) for ~~J

Substituting (8) into (6) gives

1 2
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Comparing (9) with (1) we see that

Equation (10) can be solved for [SAJ

Using S-parameters it is difficult to solve for [EJ, however, if we

use cascading parameters or T-parameters, we get some nice results.

Using the T-parameters, we will solve for [Sm J

bO a1

( 12)
b3 [TJ

a2 [TJ 6 f!-!-~?J=
aO bl T3 : T4

a3 b2

Fall owing the same development as we did with [E]

(13) r
b

b0

3
]~ = [T1J [aaz

'] + [T2J [::]

Substituting (3) into (13) and (14) yields

1 3
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Substituting (17) into (15) yields for [Sm]

To solve for [T] we can write (18) as

If we expand (19) we will get four linear equations in 9 unknown

T-parameters each. There is a total of 16 unknown T-parameters when

we consider the four linear equations together. By using appropriate

2-port and one-port standards [SA]t we generate enough independent

linear equations to solve for [T].

We can solve (19) easily to obtain [SA]

(20) [SAJ = ([Tl] - [SmJ [T3J)-1 ([SmJ [T4J - [T2J)
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There is a relationship between [TJ and [EJ

[Tl J = [E2J - [E,J [E3J- 1 [E4J

[T2J = [E,J [E3r'
(21 )

[T3J = - [E3-
1J [E4J

If we have four measurement ports with four mixers or samplers

connected at all times, then we can remove the switch error by

the procedure in Appendix IX.

1 5
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Appendix VI: Two-port Error Model Using Three Measurement Ports

We will first solve for [Sm] following the development procedure

used in Apprendix V. The block diagram for the system is shown

in Fi g. 1.

~lbO ~ ao
FORWARD

bl boX X -- ERROR -- SnM=-
PERFECT

4- ADAPTER ~ aobo btl
COUPLERS FOR D3--lo X 4- 5,,4 521 -- SZIM= -

ao
0 b3 az

b3

l
bo ~ REVERSE

br b3X ERROR ---lo PERFECT -,
ADAPTER

...., SZ2M:--;-
, bo b,a, a3

COUPLERS a3 FOR -1. b~rv ~

~ X X ~7 S22~S12 4- SIZM'= a3az
a31 Lb3 3

Figure 1

Two-port Measurement System Block Diagram

The equations for the system in the forward configuration are

( 1)



bO
e Ie e
00: 01 02

b3
aO

~:!-!-:?] e30 : e3l e32(2 ) [EJ a1 • [E]= = = -------------
bl

IE3 I E4 elO I ell e
12aZ

I I
bZ eZO I eZl e

22I

Note that [E1J and [E 3J are not square in this case

( 3)

Again following the procedure of Appendix V we get for Sllm and S2lm

( 4)

We now repeat the above procedure in the reverse configuration to

solve for S2Zm and S12m.

In order to solve for [SA] I'le need to combine the forward and reverse

configuration as follows.

Forward configuration

(5) [::] = [SA] [::] • [a] = [SA] [b]

(6) [:::J = [SA] [:::] • [a'] = [SA] [b']

1 7
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Combining (5) and (6) yields

This can now be solved for [SA]

We now need a solution for [a] and [b] in the forward configuration

and then repeat the procedure for [a'] and [b'] in the reverse

configuration ..

Let us start with the equations for the error adapter

bO = eO~ aO + eOl al + e02 a2

b = e30 aO + e3l a, + e32 a23
(9 )

bl = elO aO + ell al + e12 a2

b2 = e20 an + e2l a, + e22 a2

Now rearrange (9) as follows

eO, a, + e02 a2 + ¢b, + ¢b2 = bO eOOaO

e3, a, + e32 a2 + ¢b, + 6b2 = b3 e30aO
('0)

ell a, + e'2 a2 b, + ¢b2 - - elO aO

e21 a, + e22 a2 + ¢b, - b2 - - eZO aO

1 E
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Writing (10) in matrix form

e01 e02 ¢ ¢ a1 Sllm - eOO

e31 e32 ¢ ¢ a2 S21m - e30
(11 ) ------------- = -------- aOI -e10

ell e12 I - 1 ¢ b1
I -e20

e21 e22
I ¢ -1 b2I

Where

(12)

ririte (11) in the compact form

Where [E 1J, [E 2J, [E3J and [E4J were defined in (2) and [SFJ is

defi ned in (4)

From the partitioned matrix equation (13)

Solving for [aJ

( 15 ) r-"[-a-]-=-[-E-
2
]--1-([-S-F]---[E-

1
-J)-a0-1

Also from the partitioned matrix (13)

1 9
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Solving for [b]

Substituting in the value of [a] from (15) yields

The same procedure can be used to solve for [a'] and [b'] in the

reverse configuration. Note also that aO will divide out when

solving for [SA] in equation (8).

20
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Appendix VII: T\'lo-port Error 110del Using Three Measurement Ports, But

With the Assumption That e2, = e'2 = e20 = e02 = e31 = o.

With the above assumptions

[E,J [eooJ= e30

[E2J [eol ~ J= ¢ e32
( 1)

[e~o][E 3J =

[E4J [ell ~]=
¢ e22

And from Appendix VI equation (4) for the forward configuration

21
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Substituting (1) into (2) and expanding yeilds for Fig 1.

TRANSMllTED

bo

e30
r------- --,

ao etO bl I,. 5ZtA Ia2. e32
I - I

b3I
SUA [SA]

I
eOO j ell I S22AI e22

I I

I 512A I bzL J

PORT 1 PORT 2-
ERROR TERMS

PORT 1 MATCH: ell TRANS FREQ. RESPONSE: (e'Oe32)
PORT 2 MATCH: eZl DIRECTIVITY: eoo
REFL FREQ RESPONSE: (e,oeol) LEAKAG-e: e30

INCIDENT

REFLECTED

Figure

Two-Port Flow Graph in the Forward Configuration

( 3)

( 4)

22
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Repeating procedure for the reverse configuration in Fig. 2

REFLECTED

3

INCIDENT

r-------, I

I 521A la,bl ,. ,.

I I, I SUA [sA] 522A I I I, ell I eZ2 e3
bo I I-

eOI
,

I SI2A'" I bz I

a'3at eZ3L ______ -'

PORT 1 , PORT Z
e03

TRANSMllTEtJ

ERROR TERMS
PORT 1 MATCH: e;1 TRANS FREQ RESPONSE: (eZ3eO\)
PORT 2 MATCH: eZ2 DIRECTIVITY: e'33
REFL FREQ. RESPONSE: (eZ3e3Z LEAKAGE: e03

Fi gure 2

Two-Port Flow Graph in the Reverse Configuration

(5 )

(6 )
b 1 S

S o.. 12A
12m = a;-' = eo31 + e23 eOl '1--e-l-l 0;1s=-,-,A--"":""e=-2":""2;-;::.S"""'2-2A-+-:--e,-,""'.-=-e2-2""O""E=T['Sf)

./

23
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Solving for [SA] could be done by expanding the matrix equations

for [a] and [b] from Appendix VI. It is easier however to start

fresh.

Remember from Appendix VI equation (8)

or

Expanding (8) gjves

a,bZ
I - a,' bZ a,' b, - a,b l '

S'ZA =
SllA = d d

( 9)

aZb Z' - aZ'b Z aZ'b, - a2bl
I

SZlA = SZZA =a d

Let us solve for a" aZ' b1, and bZ.

From Appendix VI equation (9) and using the assumptions we obtain

for the forward configuration

(10) bo = eOOa O + e01a,

( 11 ) b3 = e3ZaZ + e30aO

( , Z) b, = e'Oa O + ella,

( , 3) bZ = eZZa Z

24
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( also

( 14 )

Solving (10) and (11) for al and a2

( 16)

bl and b2 dome directly from (12) and (13)

( ( 17)

( 18) (
521 m - e30)

b = e - e a2 22 e10 e32 10 0

Now repeat the above procedure for the reverse configuration

(19 ) b ' = e33 ' a3' + e32 ' a2'0

(20) b ' = eOl'a l ' + e03 'a 3'3

(21 ) b I = ell tal
,

1

(22) b ' = e23 ' a3' + e22'a 2'2

Solving (19) and (20) for al I and a2'

(23) a ' =1

25
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(24) (
5 - e 'jI _ 22m 33 I'

a2 - e Ie I e23 a323 32

b1 I and b2' come directly from (21) and (22)

(

5 - e I)
(25 ) b' 1 12m 03 1 I1 = ell e I e I e23 a323 32

(26) b ' - (12 -
5 - e ')+ 1 22m 33 'I

e22 e
23

' e
32

I e23 a3

Now substitute (15L (16), (17), (18), (23), (24), (25) and (26) into

(9) for [SA]. Note that e10aO and e231a31 divide out.

(27)

(28)

( 522~-e3~ ') ~ 511m-eOO ) {521 m-e 30)C12m-e03 ')+ e - ell e10e32 e231e01 I

(29) S22A =
e23 e32 elOe01 11

0

e12~-eo~ 'j ~ +(511m-eoo)
l

(ell -e 11
1 )Je23 e01 e10e01(30 ) 512A =

0

25
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vJhere

( 31 )

27
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1
Appendix VIII: Self-Calibration Procedure

The measurement system block diagram shown in Fig. 1 has the flow-

graph of Fig 2.

--,
I

ao bo

~ X J 1: X ~ ao ERROR
~~~--~~4--:::--4ADAPTER

bo X

I I
I lo I
L... ~ b3 a3

SWITCH J 1:
b, a2 ERROR b3 ~ X X ~
:: [SA] :: ADAPTER ....::---+---=-~-......:;...~I--'
a, bz ~_Y_---, a3
8 ERROR TERMS

Figure 1

Self-Calibration Measurement System

I b a I
L~ ~J

ERROR ADAPTER
Y

I I
L J

UNKNOWN
TWO-PORr

I b a IL.E .!...J
ERROR ADAPTER

X

PORT i PORT Z
r:-------, 1------1 r-------,
lao b, I I I I az b3 I- ,. - ~ ~

I e,o I I
S21A

I I e3Z I
I I I I I I
I eoo ell I I SUA E3AJ SZZA I I eZ2 e33 I
I

I I
S'ZA

I I I
I eOI I I I I eZ'3 I

'"' ....

Fi gure 2

Self-Calibration Flow-Graph

28
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( In the self-calibration procedure we use the cascading parameters

or T-parameter discription.

Where [TmJ is the overall measured data including the errors and [TAJ

is the parameters of the device under test. [Tx J and [TyJ are the

parameters of the error adapters on the input and output of the device

under test. The relatiuns~ip between the above T-parameters and the

error and S-parameters follows.

( 2)

[

S2lmS12m - SllmS22m

-S22m

( 3)

•

t4)

( 5)

[

Xx11 Xx12J[Txl:~

21 22

29
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STEP 1

STEP 2.

SWITCH

PORT i-PORT Z

STEP .3

Sv.JITCH

PORTi PORTZ

AIRLINE DELAY
UNKNOWN LENGTH, UNKNO~N ~i:'KNOWN loll

SWITCH

PORT 1 PORT 2

""-_......I TERMINATION 1-.._---1

UNKNOWN ~IG-H REFLECTION
SAME TERMINATION U5ED ON BOTH PORTS

Fi gure 3

Self-Calibration Procedure

30
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(

The first step is the thru connection, see Fig. 3

(6) [TmtJ = [T J [TAtJ [T J = [T J [T 1x y X yJ

Since for a thru

Now the second step is the delay connection, see Fig 3.

Where

Note that T12A = T21A = a means SllA = S22A = a or a matched (ZO)

line. This Zo line is the calibration standard. Let us now solve

for as much of [TxJ as possible. First solve (6) for [TyJ

Substituting into (8) yields

Where

(12)

Rewriting (11) gives

( 13)

31

www.HPARCHIVE.com



or

eliminating e- ot from (14) and (15) yields

eliminating e~t from (16) and (17) yields

Note that the solutions to (18) and (19) are the same. The root

choices are obvious, because

and

(20) (X ll )b.
x21 -

a :: e
OO

-

( 21) ( ::~)l> b = .00

a is large and b is small for a typical reflectometer

From (20) and (21)

(22) IeOO :: b I

32
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( 23)

We need to solve for ell but cannot at this time. Following the

same procedure we can solve for as much of [TyJ as possible. Like

(11) we get

Where

[NJ 6. [TmtT 1 ["11 "12](25) [T J =md n21 n22

t·Je finally obtain

(26) (Yl1 )2 (Yl1) 0n12 Y12 + (n 22 - nll ) Y12 - n21 =

and

(27) (Y21 )2 \ Y21) 0n ----- + (n 22 - nll Y22 - n21 =
12 Y22

we define

= c - d( 31 )

(29) (Y21)6 d = - e33Y22

from (28) and (29)

( 30 ) I e33 = - d I
(e 23e32 )

e22

33

www.HPARCHIVE.com



We need to solve for e22 but cannot at this time.

To solve for ell and e22 let us use the standard one-port calibration

procedure. With a termination fA on port-l of error adapter x, step

3 of Fig. 3.

(32)

Solving for fA and using equations (22) and (23)

(33)
1 b - f mx

f = ---
A ell a - f mx

~ith the same termination fA on port-2 of error adaptor y, see

Fig. 3, step 3.

( 34)

Solving for fA and using equations (30) and (31)

(35)
1 d + f my

f = - -.,.----:--"'-
A e22 C + rmy

Eliminating fA from (33) and (35)

( 36 ) _1_ = _1_ (b - ~::) (' ~ : f my)
e22 ell a - fmy

During the thru connection, step of Fig. 3, we know that we can

measure e22 with the port-l reflectometer

( 37 )

34
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Solving (37) for ell

b - f ml(38) e =_l_
11 e22 a - f ml

We can now substitute the value of ~ from (36) into (38) to obtain
22

(39)

also from (38)

from (23)

(41) I(elDeOl ) = (b - a) ell I
and from (31 )

(42) I (e23e32 ) = (c - d) e221

We still need the two transmission tracking terms (e,Oe32 ) and

(e23eOl ). This can be obtained from the thru connection, step 1

of Fig. 3, since

and

1
(44) S12m = (e23eOl ) 1 e e

- 11 22

35
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We know ell and e12t therefore

(45) I(e10e32 ) = S21m (1 - ell e22 )

(46) [(e23e01 ) = S12m (1 - ell e22 ) I

Notice that we solved for the e-parameters instead of [T ] or [T ].x y

We chose the e-parameters so that this calibration technique would

be compatible with the other error correction procedures developed

and used earlier.

A1so, the swi tch repea tabil ity errors can be removed by the procedure

in Appendix IX if we use four measurement ports with four mixers or

samplers connected at all times.

The value of fA and 6£ were not needed but can be calculated by

1 b - fr =- mx
A ell a - r mx

And~.£. by taking the ratio of (17) to (14) which yields
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Appendix IX: Source and Load Match Error Removal

If we have a system block diagram as shown in Fig. 1 the

characteristics of the switch can be removed by assuming that

the a3 1 0 (non Zo term,) in the forward configuration and

aO' 1 0 in the reverse configuration. This approach is a

generalized method of measuring S-parameters where Zo terminations

are not assumed.

~lbo ~ ao b,X X ---. ---.

PERFECT
4- ERROR. -- UNKNOWNbo b;1

Zo REFLECTOMETER a3 ADAPTER TWO-PORT-. ---.
SWEEP REVERSE X X 4- --

OSCILLATOR. ~~
b3 82

Figure'

Measurement System Block Diagram

In the forward configuration

bo = S'lm aO + S12m a3
(1)

b3 = S21m aO + S22m a3
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And in the reverse configuration

b I = Sllm aO
I

+ S12m a3'0
(2)

b ' = S21m aO
I

+ S22m a3
I

3

Combining the forward and reverse configurations

( 3)

or

(4) [b] = [Sm] [a]

Since [a] and [b] are square and non-singular

Expanding (5) gives

( 6)

bO'ao - bOaO
,

(7) S12m = t; , reverse

b3a3
I - b3'a 3(8) S21m = , forward

/:;

b3'aO - b3aO
I

(9) S22m = , reverse
t;

Where

(10) t;t:, aOa3
, - a3aO

I
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The typical network analyzer, which measures phase, needs to make a

ratio measurement. Equations (6) through (9) can be factored into

form as follows. Where the incident signals are aO and a3'

(11 )

(12) S12m =

b'b a I
o 0 0-, - ---,a3 aO a3

d

, forward

, reverse

( 13)

(14)

Where

a I aaO 3 0
S21 m = --...;=----d~---:- , forward

, reverse

(15) d ~

The leakage, missmatch, and repeatability of the switch are

removed by this procedure.

If a3 = 0

( 16)

(zO termination) for the forward configuration

bO _ b3
Sllm = a

O
and S21m - a

O

And if aO' = 0 (zO termination) for the reverse configuration

( 17)
b '

S = ---L and S22m a3' 12m
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